
 

3.3 Cauchy criterion

Yet can neµ be a sequence in R

Definition 3.2

anthem is a Cauchy sequence if
H c OF no noG EN F n l Zuo Ian aelce

Example 3.3

Take a classroom of size c

y
I 4 of

students
entering the 7

students already inside

Then the sequence of students entering
this classroom is a Cauchy sequence
distance between students already inside
is less than E



Proposition 3.4

convergent sequences are Cauchy sequences

Proofi
Let an a Cn as For E o choose

no no E s t
V h 7 no Ian al L E

Then we have

F l n z no Ian ael Elan att la aelc 2E
El

Proposition 3.5

Cauchy sequences in IR are convergent

Example 3 4

Set a I an an t th i n 2

Then we obtain the harmonic sequence
an I I In

y
he IN

The sequence anthem is divergent as

for all n e IN we have

92N an t In 7 In Iz



Can neµ is not a Cauchy sequence and

diverges according to Prop 3.4

3.4 Supremum and Infimum
Definition 3 3

A set ACR is bounded from above if
there exists a number beIR s t

V a e A a e b

Every such b is an upper bound for A
Analogously one defines bounded frombelow

and lower bound

Example 3.5

i In our calculus class the age of
every student is bounded from above

by 100 years
ii The interval

C I l xe RI texel

is bounded from above by b l and

from below eg by a I



iii IN I 2,3 is bounded from
below but unbounded from above

Yet now 0 ACR be bounded from above

Then we have

B be RI b is an upper bound forA

0
and tf at A beB a a b

The completeness axiom then gives the
existence of a number ee R s t

t a c A b EB a e c e b

Remark 3.2

Aparently e is an upper bound for a so

CEB As Ceb for all bets at the same

time c is the smallest upper bound

for A and c is uniquely determined by a

Definition 3.4
For a set ACR which bounded from above
the number ci sup A defined by C is



called the supremum of A
We summarize

Proposition 3.6

i Every set 0 Ack bounded from above
has a smallest upper bound e supA

Ii Analogously every from below bounded
set Ack admits a biggest eower
bound D infA the so called infinum
of A

Example 3.6

i The infinum of the age of all humans
on earth is 0 years

ii Let A C I 1 C R Then we have

sup A L inf A l

iii IN I 2 is unbounded from above

thus does not admit a supremum
On the other hand every ke 1N satisfies

k z l As te N l is the biggest lower
bound that is

inf N I



Iv The set A given by
A 2

a xeR

given by the graph of the function
x i 7

i s

We have G x 220 t x EIR

l 2x 1 2
z O It th z 2x

sup A e l On the other hand from
setting x I we obtain sup Azl

sup A I
Let now au neay be a sequence in IR

Definition 3.5

au new is bounded from above below if
I b e R f ne IN au E b bean

that is if the set A anthem is bounded
from above below



Proposition 3.7

If a new is convergent then Can n is

also bounded

Proofi
Let a fingsan and for E I let u c IN be
such that Ian al 4 for nzno

For nano we then have

tant lau atal Elattlan al c tail

Therefore
if he 1N Ian1 E Max tail lad 1921 Hand

II
Boundedness is therefore necessary but
not sufficient for convergence
Proposition 3.8

Let a new be bounded from above
and monotonically increasing that is

there exists a number BER s t

V he 1N 9 E 92 E Eau Eau E E b
Then a new is convergent and fins Supan



Analogously if Canteen is bounded from
below and monotonically decreasing then

it is convergent
An

9
or

or

n

Proof
Let A an new According to assumption

At 0 is bounded from above therefore
there exists a sup A useupman according
to Prop 3.6
Claim We have a fizzan
Proof
Let e o be arbitrary Then there exists

no no E E N s.t an a E Monotony
then gives

F n no a s can C an Equipage Late

so that V nano Ian al CE a



Definition 3.6 superiafinferia limit

Let au new CR be bounded that is

F M e R f ne IN Ian I c M

Fa ke 1N we then have

Ck infean E snuff an bk

Aparently we have

M E C E E C k E Ge E bK Ebt E r Eb EM

H K E IN

Prop 3.8

F b feignsbk lim sup au superior limit
in as

C finds Ck frigginfan inferior limit


